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We prove a Darboux–Jouanolou type theorem on the algebraic integrability of polynomial
differential r-forms.
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1. Introduction
The theory of integrability constructed by Darboux in [3] provides a relation between the integrability of polynomial
vector fields and the number of invariant algebraic hypersurfaces they admit. This theory was pursued by Poincaré in [11]
and has been successfully applied to the study some physical models (see, for instance, [8,9,13,14]).
An improvement to Darboux’s theory was given by J.P. Jouanolou in [6], where he characterized the existence of rational
first integrals for polynomial 1-forms on Kn and PnK, with K an algebraically closed field of characteristic zero. Jouanolou’s
result states that a polynomial 1-form admits a rational first integral if and only if it possesses an infinite number of invariant










where d is the degree of the corresponding Pfaff equation.
Ghys, in [4], extended Jouanolou’s result to Pfaff equations on a compact complex manifold. Brunella and Nicolau in
[1] proved that the Darboux–Jouanolou theorem holds for Pfaff equations in positive characteristic and for non-singular
codimension one transversally holomorphic foliations on compact manifolds. A discrete dynamical version of Jouanolou’s
theorem was recently proved by Cantat [2]. In the analytic context, Scárdua in [12] shows, under certain conditions, a kind
of Darboux–Jouanolou theorem for codimension one germs of integrable one-forms on (Cn, 0).
Before stating the main result of this paper we recall the notions of invariant hypersurface and of a rational first integral.
Let K be a field of characteristic zero and ω ∈ Ω r(n) a polynomial r-form. If V = {f = 0} is an algebraic hypersurface in
Kn, then V is ω-invariant provided (ω ∧ df )|V ≡ 0. Suppose now R = PQ ∈ K(z1, . . . , zn) is a rational function and consider
the pencil {P − λQ = 0}λ∈K. We call R a rational first integral for ω if Vλ = {P − λQ = 0} is ω-invariant for all λ ∈ K.
In this note we prove the following algebraic integrability result:
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+ r + 1
invariant irreducible algebraic hypersurfaces, then ω admits a rational first integral.
As corollaries we have,










invariant irreducible algebraic hypersurfaces, then ω admits a rational first integral.
and also a recent result by Llibre and Zhang in [10], when K = C or R.





invariant irreducible algebraic hypersurfaces, then X admits a rational first integral.
2. Polynomial r-forms on Kn
Let K be a field of characteristic zero and denote by K[z] := K[z1, . . . , zn]. Consider the exterior algebra of polynomial
r-forms on Kn given by
Ω r(n) := Ω r(Kn)⊗ K[z].





















Pi1,...,ir dzi1 ∧ · · · dzir .
The degree of ω is defined by deg(ω) = max{deg(Pi1,...,ir ), 1 ≤ i1 < · · · < ir ≤ n} and, if ω ∈ Ω rd(n), then Pi1,...,ir ∈ Sd.
Let us recall a vector space introduced by Godbillon in [5], which will be needed in the sequel.
Definition 2.1. Let ω ∈ Ω r(n). Define the K(z)-vector subspace E∗(ω) ofΩ1(n)⊗ K(z) by
E∗(ω) = {η ∈ Ω1(n)⊗ K(z);ω ∧ η = 0}.
Lemma 2.1. Let ω ∈ Ω r(n). If there are r elements η1, . . . , ηr ∈ E∗(ω) which are linearly independent over K(z), then there
exists R ∈ K(z) such that
ω = R η1 ∧ · · · ∧ ηr .
Proof. Consider the K(z)-basis {η1, . . . , ηr , ηr+1, . . . , ηM} ofΩ r(n)⊗ K(z) obtained by completing {η1, . . . , ηr} to a K(z)-




Ri1,...,ir ηi1 ∧ · · · ∧ ηir .
Since ω ∧ ηi = 0, for all i = 1, . . . , r , we have ω = R1,...,r η1 ∧ · · · ∧ ηr . 
For the sake of completeness we repeat here the proof of [6, Lemme 3.1.1, p. 102] since we will use it in the proof of
Theorem 1.1.
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We will show this implies λ1 = · · · = λs = 0. In fact, for each i ∈ {1, . . . , s} define Vi := {fi = 0}. By Hilbert’s
Nullstellensatz [7, Theorem 1.5, p. 380] we can choose a point





Now, let Lj be an affine line through pj not contained in Vj and u : K → Kn be a parametrization of Lj with u(0) = pj. Put




is regular at 0 and
g ′j
gj











+ · · · + λj
g ′j
gj





Taking residues at 0 in Eq. (2) we get λjρj = 0 and, as ρj ≠ 0, we have λj = 0 for j = 1, . . . , s. 
3. Invariant hypersurfaces and rational first integrals
Definition 3.1. Let V = {f = 0} be an algebraic hypersurface in Kn and ω ∈ Ω r(n) a polynomial r-form ω ∈ Ω r(n). V is
ω-invariant if (ω ∧ df )|V ≡ 0.
Remark 3.1. Suppose ω = ω1 ∧ · · · ∧ ωr , with ωi ∈ Ω1(n), i = 1, . . . , r. ω induces a (possibly singular) r-codimensional
distribution of (n − r)-planes Dn−rω by
r
i=1 ker(ωi). The ω-invariance of V means that Dω(x) ⊂ TxVreg , where Vreg =
V\Sing(V ) is the regular part of V .
Remark 3.2. It follows fromHilbert’s Nullstellensatz that V isω-invariant if and only if there existsΘf ∈ Ω r+1d−1(n) such that
ω ∧ df = f Θf .
Definition 3.2. Let R = PQ ∈ K(z) be a rational function and consider the pencil {P − λQ = 0}λ∈K. We call R a rational first
integral for ω if Vλ = {P − λQ = 0} is ω-invariant for all λ ∈ K.
These are characterized by:
Lemma 3.1. Let R ∈ K(z) be a rational function. Then R is a rational first integral for ω if and only if dR ∈ E∗(ω).
Proof. It follows from Remark 3.2 that ω ∧ dR = 0 over R−1(λ) for all λ ∈ K. Then ω ∧ dR = 0 on Kn. 
4. Proof of Theorem 1.1






. Suppose ω ∈ Ω r(n) admits N + r + 1 irreducible invariant hypersurfaces,
defined on Kn by polynomials f1, . . . , fN+r+1. Then, by Remark 3.2, for each i ∈ IN+r+1 = {1, . . . ,N + r + 1}, there exists
Θfi ∈ Ω r+1d−1(n) such that
ω ∧ dfi = fi ·Θfi . (3)
Since dimK Ω r+1d−1(n) = N , for each k = 1, . . . , r + 1, we can choose numbers λkk, . . . , λkk+ℓ, . . . , λkk+N ∈ K such that λkk ≠ 0,
λr+1N+r+1 ≠ 0 and
k+N−
j=k
λkj ·Θfj = 0. (4)
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We have, from (3) and (4),
ω ∧ ηk = 0, k = 1, . . . , r + 1 (5)
and hence ηk ∈ E∗(ω), for all k = 1, . . . , r + 1..
Define α1 = η1 ∧ · · · ∧ ηr and α2 = η2 ∧ · · · ∧ ηr+1. We have the following possibilities:
Case 1. α1 ≠ 0 and α2 ≠ 0.
Case 2. α1 = 0 or α2 = 0.
Case 1: Observe that by construction |α1|∞ ≠ |α2|∞ where | · |∞ denotes the set of poles. This tells us that α1 and α1 are
linearly independent over K. It follows from (5) and Lemma 2.1 that there exist R1, R2 ∈ K(z) such that αi = Ri ω, i = 1, 2.










∧ ω = 0.
Moreover, since α1, α2 are linearly independent over K, R = R1R2 is not constant. This shows that the rational function R is a
first integral for ω.




Ri · ηi (6)




dRi ∧ ηi. (7)




dRi ∧ ηi ∧ η1 ∧ · · · ∧ ηj ∧ · · · ∧ ηm
= (−1)j+1dRj ∧ η1 ∧ · · · ∧ ηm.
Since η1, . . . , ηm are linearly independent over K(z), there exist g1, · · · , gm ∈ K(z) such that dRj = ∑mi=1 gi · ηi. By (5)
we get
dRj ∧ ω =
m−
l=i
gi · ηi ∧ ω = 0.
Moreover, from (6) and Lemma 2.2 there exists i0 ∈ {1, . . . ,m} such that Ri0 is not constant. That is, Ri0 is a rational first
integral for ω. The case α2 = 0 is dealt with analogously. 
Remark 4.1. Suppose η1 ∧ · · · ∧ ηr ≠ 0. It follows from the proof that ωR = η1 ∧ · · · ∧ ηr is integrable and the leaves of the
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5. Proof of Corollary 1.2




(−1)i+1Pi dz1 ∧ · · ·dzi · · · ∧ dzn.
This form has the property that an algebraic hypersurface V = {f = 0} is X-invariant if, and only if, it is ωX -invariant.
This is because
ωX ∧ df = X(f ) dz1 ∧ · · · ∧ dzn.
Now, apply Theorem 1.1 to ωX . 
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